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$A$ $\mathrm{c}*$- $X$ right Hilbert $A$-module $\mathcal{L}_{A}(X_{A})$
$X$ $A$ $\mathcal{L}_{A}(x_{A})$ C*
$\theta^{f}(z)=x(y|z)_{A}$ (right) rank one
$\mathcal{L}_{A}(X_{A})\iota_{\sim}^{x_{\mathrm{A}}}’ \text{ }\mathrm{s}\text{ }$ rank one $\mathcal{K}_{A}(x_{A})$
$\mathcal{L}_{A}(x_{A})$ $\mathcal{L}_{A}(X_{A})$
$\mathcal{K}_{A}(x_{A})$ multiplier $X$ $\{u_{i}\}_{i=1}^{n}$ $X$
$x= \sum_{i=1}u_{i}(ui|X)_{A}$
$\mathcal{L}_{A}(X_{A})=\mathcal{K}_{A}(x_{A})$
$X$ $A$ $X$ full $X$ full
$\mathrm{c}*$- bimodule
$A$ $\mathcal{K}_{A}(x_{A})$
$*$- $\phi$ $X$ (X, $\phi$ )
(right) Hilbert A-A bimodule Hilbert bimodule [KW1]
$X$ bimodule algebra $\mathit{0}_{x}$ $A,$ $X,$ $\mathcal{K}_{A}(X_{A})$
C*- $D$ $X$ $D$ $V,$ $A$
$D$ unital *- $\rho_{A},$ $K=\mathcal{K}_{A}(x_{A})$ $D$ unital *- $\rho_{K}$
$x,$ $y\in x,$ $k\in K,$ $a\in A$
$V_{kx}=\rho_{K}(k)V_{x}$ $V_{xa}=V_{x}\rho A(a)$ $\rho_{K}(\phi(a))=\rho A(a)$
$V_{x}V_{y}^{*}=\rho_{K}(K(_{X|}y))$ $V_{x}^{*}V_{y}=\rho_{A}((X|y)_{A})$
1024 1998 94-111 94
$\mathit{0}_{x}$ $D$ – $*$- $\varphi$ $x\in X$ ,
$a\in A$ $k\in K$ $\varphi(S_{x})=Vx’\varphi(a)=\rho_{A}(a),$ $\varphi(k)=\rho_{K}(k)$
(universality)
$\mathit{0}_{x}$ $X$ Fock space quotient
Pimsner [Pi]
$X^{\otimes m}=x\otimes_{A}X\otimes A\ldots\otimes_{A}X$ ( $\mathrm{m}$-times), $X^{\otimes 0}=A$ $F(X)=\oplus_{m=0}^{\infty}X^{\otimes}m$
right A-module $X$ Fock space $x\in X$ , $T_{x}\in \mathcal{L}_{A}(F(x)_{A})$
$x_{1}\otimes\cdots x_{m}\in X^{\otimes m},$ $a\in A$
$T_{x}(x_{1}\otimes\cdots\otimes x_{n})=x\otimes x_{1}\otimes\cdot\cdot\cdot\otimes x_{m}$
$T_{x}^{*}(x_{1}\otimes\cdots\otimes x_{m})=\emptyset((x|X1)A)_{X_{2}}\otimes\cdots\otimes x_{m}$
$T_{x}(a)=xa$ $T_{x}^{*}(a)=0$
$\{T_{x}\}_{x\in x}$ $\mathrm{C}^{*}$- Toeplitz $\phi_{F(X)}$
$\mathcal{L}_{A}(F(A))$ $\mathcal{L}_{A}(F(X)_{A})/\mathcal{K}_{A}(F(X)_{A})$ $S_{x}=\phi_{F}(X)(\tau_{x})$
$\{S_{x}\}_{x}\in x$ C* $\mathit{0}_{x}$ concrete
$x\in(x_{1}, \cdots, x_{k})\in X^{\cross k}$ $S_{x}=S_{x_{1}x_{2k}}S\cdots S_{x}$ $S_{\phi}=I$
$o_{x}$ $\{S_{x}S_{y}*|X\in X^{\mathrm{x}s}, y\in X^{\cross t}\}$ ,8
$T\in K=\mathcal{K}_{A}(X_{A})$ $\pi_{K}(T)\in \mathcal{L}_{A}(F(x)_{A})/\mathcal{K}_{A}(F(x)_{A})$ $x_{1}\otimes x_{2}\otimes\cdots\otimes X_{m}arrow$
$T_{X_{1}\otimes X_{2}}\otimes\cdots\otimes X_{m}$ $\phi_{K}(\theta_{x,y})=^{s_{x}}S_{y}*$ $\pi_{K}(T)\in \mathcal{F}_{1,1}$
$\mathcal{F}_{0,0=}\pi K(\emptyset(A))$





$o_{x}$ $\mathrm{T}$ $\gamma$ $\gamma_{t}(s_{x})=tS_{x}$
$\mathcal{F}_{\infty}^{(k)}$ $\mathcal{F}_{\infty}^{(0)}$
. $ox$ $\mathcal{F}_{\infty}^{(0)}$ $E_{X}$
Lemma 1. $A$ $X_{A}$. Hght A-module





Lemma 2. $A$ - $X_{A}$ Hght $A$-module D
$\pi_{A}$ : $Aarrow D$ unital $*$- $\pi_{X}$ : $Xarrow D$
$x,$ $y\in X,$ $a\in A$
$\pi_{X}(Xa)=\pi_{X}(x)\pi_{A}(a)$ . $\pi_{A}((x|y)_{A})=\pi_{X}(X)^{*}\pi x(y)$
$\mathcal{K}_{A}(X_{A})$ $D$
$*$- $\pi_{K}$
$x,$ $y\in X,$ $k\in \mathcal{K}_{A}(x_{A})$
$\pi_{K}(\theta_{\nu}^{f},)xx(=\pi y)\pi X(x)^{*}$ $\pi_{X}(kX)=\pi_{K}(k)\pi X(X)$
– $\phi_{A}$ 1 1 $\pi_{K}$ 1 1 $\pi_{X}$
Proof. Lemma 2 $x_{1},$ $\cdots,$ $x_{n}\in X,$ $y1,$ $\cdots,$ $y_{n}\in X$
$|| \sum_{i=1}^{n}\theta_{xy:}|:,|=||((x_{i}|xj)A)ij(1/2(y_{i}|y_{j})A)_{ij}^{1}/2||$
$\geq||(\pi_{A((_{X_{i}}1))}xjA)^{1}ij(/2(y_{i}|yj)A))ij/\pi A(12||$
$=||(\pi x(Xi)^{*}\pi x(X_{j}))_{ij}1/4(\pi x(yi)^{*}\pi x(yj))_{ij}1/\angle||$
$=|| \sum_{i=1}\pi X(X_{i})\pi \mathrm{Y}(y_{i})*||$
$\pi_{K}(\theta_{y}’,x)=\pi_{X}(y)\pi_{X}(y)*\mathrm{F}_{\sim}^{\sim}$ $\pi_{K}$
$\pi_{A}$ 1 1 – $\pi_{K}$
$\square$
Remark 1.1. Lemma 2 - Hilbert A-module $X$ Hilbert
$A$ module $X,$ $\mathrm{Y}$ $\mathcal{K}_{A}(x_{A})$ $\mathcal{K}_{A}(x_{A}, \mathrm{Y}_{A})$
$\mathit{0}_{x}$ *- $A$ $\mathit{0}_{x}$ homogeneus
Lemma 3. $A$ $\sigma$ $(X, \phi)$ $Hilbe\hslash$ A-A bimodule
$X^{\otimes m}$ $\mathit{0}_{x}$
$\pi_{m}$ : $X^{\otimes m}arrow O_{X}$ $*$- $\psi_{\mathrm{r},s}$ :
$\mathcal{K}_{A}(X^{\otimes t}A, X^{\otimes S}A)arrow \mathcal{F}_{\mathrm{r},s}$
$x_{1},$ $\cdots,$ $x_{m},$ $y_{1},$ $\cdots,y_{m}\in X$
$\pi_{m}(_{X_{1}\otimes\cdots\otimes x}m)=S_{x}\cdots S1x_{m}$
$\psi_{fS},(\theta x_{1}\otimes\cdots\otimes x*’ y_{1}\otimes\cdots\otimes y’)=sx_{1}\ldots Sx*s_{yy}*\ldots S*r1$
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Proof. Lemma 2 $X^{\otimes \mathrm{r}_{A}}$ $X^{\otimes s_{A}}$
$T\in \mathcal{K}_{A}(X^{\otimes m_{A}})arrow T\otimes I\in \mathcal{K}_{A}(X^{\otimes m+1_{A}})$
$\tau_{x}$ $\mathrm{C}^{*}$- $\lim_{m}\mathcal{K}_{A}(X\otimes m_{A})$
Lemma 4. $\mathcal{F}_{X}$ $\mathcal{F}_{\infty}^{(0)}$ $\psi$ $\psi|\kappa_{A}(X\otimes m_{A})=\psi_{m,m}$
$\psi$ $\mathcal{K}_{A}(X^{\otimes m})$ $\mathcal{K}_{A}(X^{\otimes}m+1)$ $\mathcal{F}_{m,m}$ +l,m+l
$\mathcal{F}_{X}$
$\mathcal{F}_{\infty}^{(0)}$ –
Lemma 5. $A$ $X$ Hilbert A-A bimodule
$X$ Kajiwara-Watatani finite tyPe
$E_{m}$ : $\mathcal{F}xarrow \mathcal{K}_{A}(X^{\otimes m_{A}})$ $\tau=\lim_{marrow\infty^{E_{m}(T}}$)
$\mathit{0}_{x}$ $A$ $E_{A}^{O_{X}}$
Proof. $\mathcal{K}_{A}((X^{\otimes m}\otimes_{A}X^{\otimes k})_{A})$ $\mathcal{K}_{A}(X_{A}^{m})$
$E_{m}^{m+k}(\theta_{x}f1\otimes y1,x2\otimes y2)=[\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{d}(X\otimes k)]^{-}1\theta_{x_{1,A(}}\prime y_{1}|y2)x_{1}$
$karrow\infty$ $\text{ }$
$X$ finite tyPe $\phi(A)\prime \mathrm{n}\mathcal{F}_{\infty}(0)$ $\bigcup_{m=1}^{\infty}(\emptyset(A)’\cap \mathcal{F}_{m,m})$
1.2 . Canonical CP map
$A$ $\mathrm{C}^{*}$ - (X, $\phi$) Hilbert right A-A bimodule $\{u_{1}, \cdots,u_{n}\}$
$\mathit{0}_{x}$ $\mathit{0}_{x}$ $\sigma$
$\sigma(T)=\sum_{i=1}S_{uu}:^{T}S^{*}$:
completely positive map $\sigma$
Lemma 6. $\sigma$ $\phi(A)’\mathrm{n}O_{X}$ unital $*$-
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Lemma 7. $T\in\phi(A)’\mathrm{n}O_{x},$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}\in X$ $\sigma^{m}(T)S_{x}\cdots s_{x}1m=$
$S_{x_{1}}\cdots s_{x_{m}}\tau$ $\sigma(T)$ $F_{m,m}$
$\sigma(T)$ $\phi(A)\subset \mathcal{F}_{1,1}$ $\sigma$ \mbox{\boldmath $\phi$}(A)‘ $\mathrm{n}O_{X}$
Proof. $S_{i}=S_{u_{*}}$.
$\sigma^{m}(T)s_{x_{1}}\cdots S_{x}m=\sum_{i_{1},\cdots,i_{m}}s_{i}\cdots si_{1}\tau S\cdots S_{im1}^{*}sx\ldots S_{x_{m}}mi_{1}^{*}$
$= \sum_{i_{1},\cdots,i_{m}}si1\ldots si_{1ii}S^{*}1\ldots s^{*}msx_{1}\ldots sx_{m}T$
$=.. \sum_{i_{1,,m}t\prime}.s_{x_{1x_{m}}}\cdots sT$
Lemma 8. $\psi$ : $\mathcal{F}_{X}arrow \mathcal{F}_{\infty}^{(0)}$ lemma $T\in$
$A\mathcal{K}A(X_{A}^{\otimes m})$ $\psi^{-1}\sigma\psi(T)=I\otimes T\in \mathcal{K}_{A}((X\otimes_{A}X^{\otimes m})_{A})$
Proof. $T= \sum_{x,y}Sx,y$ ( )




(I) $0O_{X}= \bigcup_{\Gamma,S}\tau_{\Gamma,s}$ $\mathit{0}_{x}$
*-
Definition 9. Hilbert bimodule $X$ (I)-free $k$
(1), (2), (3) $r_{k}\in \mathrm{N},$ $T_{k}\in\phi(A)^{\prime 0}\mathrm{n}O_{x},$ $||T_{k}||=1$
1. $T_{k}^{*}\sigma^{j}(Tk)\in \mathcal{F},k,\prime k$ $(0\leq j\leq k)$
2. $a\in Aarrow\phi(a)Tk^{*\tau_{k}\in}$ k,7k completely isometric
3. $||T_{k}^{*}\sigma^{j}(T_{k})||<1$ $(1 \leq j\leq k)$
(2)
Lemma 10. $X$ $\{T_{k}\}$ \mbox{\boldmath $\omega$} ee
$p\in \mathrm{N},$ $B\in F_{p,p}$ $||B\sigma^{p}(T_{kk}*\tau)||=||B||$
Proof. Morita equivalence $\square$
(3)
Lemma 11. $X$ $(I)- fiee$ $\epsilon>0$ $k\in \mathrm{N}$
(1), (2), (3) $r_{k}^{\epsilon}\in \mathrm{N},$ $T_{k}^{\epsilon}\in\phi(A)’\cap^{0}O_{x},$ $||\tau_{k}^{\epsilon}||=1$
1. $T_{k}^{\epsilon*}\sigma^{j}(\tau^{\epsilon}k)\in \mathcal{F}_{t_{k}^{\epsilon\zeta}},r_{k}$ $(0\leq j\leq k)$
.2. $P\in \mathrm{N}$ $B\in \mathcal{K}_{A}(X^{\otimes p_{A}})$ $||\sigma^{p}(T_{kk}^{\epsilon}*\tau^{\mathrm{g}})B||=||B||$
3. $||\tau_{k}^{6*}\sigma^{j}(T_{k}\epsilon)||<\mathcal{E}^{\cdot}$ $(1 \leq j\leq k)$





$T_{k}^{*}\sigma^{j}(Tk)\in \mathcal{F}_{f}k,\prime k$ $\sigma^{f}k$
$\tau_{k}^{\epsilon*}\sigma^{j}(\tau^{\epsilon}k)=T_{k}^{*}\sigma^{j}(Tk)\sigma’k(T_{k}^{*j}\sigma(\tau k))\sigma^{2\Gamma}k(\tau_{k}^{*}\sigma^{j}(\tau k))\cdots\sigma^{f}kq(T_{k}^{*}\sigma(j\tau_{k}))\epsilon$
$r_{k}^{\epsilon}=r_{k}(q+1)$ (1)





$T_{k}^{\epsilon*}T_{k}\xi$ ($=\tau_{k^{*}}$ )\mbox{\boldmath $\sigma$}fk $(T_{k}\tau*k)\cdots\sigma-)(\mathrm{r}k(q1\tau_{k}T_{k}*)\sigma(tkq\tau k\tau*k)$
$=\{(T_{k}^{*}Tk)\sigma^{t}(kTk\tau k)*\ldots k(q-1)(\sigma’\tau_{k}T)k^{*}\}\sigma^{r}(kq\tau_{k}\tau)k^{*}$
$p\in \mathrm{N}$ $B\in \mathcal{K}_{A}(X_{A}^{\otimes p})$
$||B\sigma^{\mathrm{P}}(\tau_{k^{*.\tau}k})||=||B||$
$T_{kk}^{*\tau\in}\mathcal{F}_{tt}k,k$
$(T_{k}^{*}Tk)\sigma(tk\tau k\tau^{*}k)$ . . . $\sigma^{f}k(q-1)(T_{k}\tau*)k\in \mathcal{F},k(q-1)+fk,\prime k(q-1)+\prime k=\mathcal{F}_{\mathrm{r}tq}kq,k=\mathcal{K}_{A}(x_{A}^{\otimes\tau q}k)$
$B\in \mathcal{K}(x_{A}^{\otimes_{\mathrm{P}}})$





’q+p Lemma 10 $\square$
(3)
free $\epsilon$







$A$ C*- $(X, \phi)$ right Hilbert A-A bimodule $A$
$J$ $X$-invariant $a\in J,$ $x,$ $y\in X$ $(x, \phi(a)y)_{A}\in J$
$A$ $X$-invariant $A$
X-simple
$(X, \phi)$ C*- $A$ right Hilbert bimodule $K=\mathcal{K}_{A}(X_{A})$
(V, $\rho_{A},$ $\rho_{K}$) $X$ C*- $D$ $V:Xarrow D$
$\rho_{A}$ : $Aarrow D,$ $\rho_{K}$ : $Karrow D$ * $x,$ $y\in X$ ,




Theorem 12. $A$ $(X, \phi)$ Hilbed A-A bimodule
$D$ $\sigma$ - (V, $\rho_{A},$ $\rho_{K}$ ) $X$ $D$ $\varphi$
$\varphi(S_{x})=V_{x},$ $\varphi(\phi(a))=\rho A(a),$ $\varphi(\pi K(k))=\rho K(k)$ $\mathit{0}_{x}$ $D$
$O_{X}$
1. $a\in Aarrow\rho_{A}(a)\in D$ 1 1 $\varphi$ $\mathcal{F}_{\infty}^{(0)}$ 1 1
2. $X$ (I)- ee $\varphi$ 1 1
Proof. $m$ Lemma 2 $X^{\otimes m}$ $\varphi$ $\mathcal{F}_{m,m}$
1 1 $\mathcal{F}_{\infty}^{(0)}$ 1 1
$X$ (I)-free $\epsilon>0$
Lemma 11 $\{T_{k}^{\epsilon}\}_{k}$ $B= \sum_{j=-n}^{n}B_{j}\in 0O_{X}$
$B_{j}$ degree $j$ $Ox$
dense $p$
























$\varphi$ ) 1 1 $E_{X}$ $\varphi$ $\mathit{0}_{x}$ $\square$
Corollary 13. $(X, \phi)$ - $A$ full Hilbert bimodule
$X$ $(I)- fiee$ $A$ X-simple $\mathit{0}_{x}$
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Proof. $J\neq \mathit{0}_{x}$ $\mathit{0}_{x}$ $J=J\cap A$ $J$ $A$






$A$ $X$-invariant $J$ $J_{X}=\{a\in A:(x|\phi(a)y)_{A}\in J,\forall x,\forall y\in$
$X\}$ $Jx$ $J_{X}\supset J$ $X$-invariant
$A$ $J$ $X_{J}=\{x\in X:(x|x)_{A}\in J\}$ $\{u_{\alpha}\}_{\alpha}$ $J$
approximate unit $x\in X_{J}$ $xu_{\alpha}$ $(y|x)_{A}\in J$
$x,$ $y\in X_{J}$ $x+y\in X_{J}$ $X_{J}$ $X$
$XJ\subset X_{J}$ $X_{J}A\subset X_{J}$
$X/X_{J}$ right $A/J$ module




Proof. $X$ $j\in J$
$\phi(j)X=\sum_{i=1}ui(ui|\emptyset(j)X)_{A}$
$J$ $X$-invariant $(u_{i}|\phi(j)X)_{A}\in J$
$\phi(J)X\subset XJ\subset$ x $\in X_{J},$ $a\in A$ $(\phi(a)X|\phi(a)x)_{A}\square =$$(x|\emptyset(a^{*}a)X)_{A}\in J$ $\phi(A)X_{j}\subset X_{J}$
Bimodule $X$ (II)-free $J_{X}=J$ X-invariant
$X/X_{J}$ (I)-free $J=\{0\}$ $\phi$
$J_{X}=\{0\}$ (II)-free (I)-free $\text{ }$
Theorem 15. $A$ (X, $\phi$) A-A bimodule
$X$ -free
1. $Jarrow J=\phi^{-1}(J\mathrm{n}\phi(A)),$ $Jarrow J=\mathrm{c}\mathrm{l}\mathrm{s}\{X^{\otimes t}\phi(J)X^{\otimes \mathrm{o}}s*,1r, S=,,2, \ldots\}$
$o_{x}$ $A$ $J_{X}=J$ $X$ -invariant 1
1
2. $J$ $A$ $J$ $\mathit{0}_{x}$
$o_{x}/J=O_{x/}X_{J}$
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Proof. $J$ $O_{X}$ $J=\phi^{-1}(J\mathrm{n}\emptyset(A))$ $J$
$A$ $X$-invariant $J_{X}=J$ $X/X_{J}$ (I)-free
Bimodule $X/X_{J}$ $A/J$-bimodule $X/J$ $X_{J}$
$xu_{\alpha},$ $u_{\alpha}\in J$ $u_{\alpha}\in J\subset J$ $X_{J}\subset J$




expectation $\sqrt[\backslash ]{}$ $\tilde{X}$ $||\tilde{x}_{0}||\leq||\tilde{X}||$
$X\in J$ $m_{0}(X)\in J$ $x\in$
$X^{\otimes k}$ $x^{*}m_{k}(B)=m_{0}(x^{*}B)$ $x^{*}m_{k}(B)\in J$
$m_{k}(B)\in J$ $X^{\otimes k}$
$B\in Ox$ $m_{k}(B)$
$J$ $J$ $J\cap \mathcal{F}_{fS}$,
$X^{\otimes f*}(J\mathrm{n}\mathcal{F}\mathrm{r},\delta)X^{\otimes}s\in J\cap A=J$
$J$ $X^{\otimes s}\phi(J)x\otimes f*$ $J$ $J$
$J$ $J$ 1 1
$A$ X-invariant
$J$ $J_{X}=J$ $J\cap\emptyset(A)=\phi(J)$
$J$ $\phi(J)$ $O_{X}$ $\phi(J)\subset$
$J\cap\emptyset(A)$ $J$ $J\cap\emptyset(A)\subset J^{(0)}\cap$
$\phi(A)=$ Jim, $X^{\otimes f}\phi(J)X^{\otimes f*}$ $J^{(0)}= \lim_{\mathrm{r}}X^{\otimes \mathrm{r}}\phi(J)x\otimes’*$







\mbox{\boldmath $\phi$}(A)/(\mbox{\boldmath $\phi$}(A)\cap JJ7)\rightarrow F r,r/Q $\phi(A)/(\phi(A)\mathrm{n}J^{(}0))arrow F_{\infty}^{(0)}/J^{(0)}$










$A/Jarrow A/A\cap J^{()}0$ $A\cap J^{(0)}=J$
$A\cap J,$ $=J$ $\phi(a)\in X^{\otimes \mathrm{r}}\phi(J)X\otimes f*$





(I) & Cuntz-Krieger [CK] (II) Cuntz [C]
Cuntz-Krieger
bimodule
$\Sigma=\{1,2, \ldots, n\}$ $D=(D(i,j))_{i},j\in\Sigma$ $0$ 1
$\Sigma$ $D$ $\mathcal{G}=(\Sigma, E, r, s)$
$E$ $(i,j)\in E$ $r(i,j)=j,$ $S(i,j)=i$
$\circ E$ Connes correspondense $\circ$ $i\in\Sigma$
$A$ $\gamma\in E$ $E$ $\delta_{\gamma}$
$A=c(\Sigma)$ $\mathrm{C}^{*}$- $X=c(E)$





$X$ right Hilber A-module
$\sum_{\gamma\in E}\delta_{\gamma}(\delta|f)A=f\gamma$
$\{\delta_{\gamma}\}_{\gamma\in E}$ $X_{A}$
$X$ $\mathit{0}_{x}\sim=C^{*}(S_{x}|x\in X)$ $\alpha\in E$ $S_{\delta_{\alpha}}$ $S_{\alpha}$
$r(\alpha)=s(\beta)$ $F(\alpha,\beta)=1_{\text{ }}$ $F(\alpha,\beta)=0$
$F(\alpha,\beta)_{\alpha,\beta}\in E$
$S_{\alpha}^{*}S_{\alpha}= \sum F(\alpha,\beta)S_{\beta}s_{\beta}\beta*$
edge model Cuntz-Krieger family
‘ $S_{i}= \sum_{S()i}\alpha=S\alpha\in O_{X}$ $\alpha=(i,j)$ $S_{\alpha}=S_{i}P_{j}$
$s_{i}s_{i^{*}}=P_{i}$ $\{S_{i}|i\in\Sigma\}_{i\in\Sigma}$ $\mathit{0}_{x}$
$S_{i}^{*}S_{i}= \sum jD(i,j)s_{j}s_{j}*$
{Si} $D$ Cuntz-Krieger family
$\Sigma_{0}$ $\Sigma$ $v\in\Sigma_{0}$ $v$ 2
Definition 16 $(\mathrm{C}\mathrm{K})$ . $\mathcal{G}$ (I) $i\in\Sigma$ $i$
$i_{0}\in\Sigma_{0}$
Lemma 17 $(\mathrm{C}\mathrm{K})$ . $\mathcal{G}$ (I) $\mathcal{G}$ bi-
module $X$ (I)
Proof. (I) $i\in\Sigma$ apperi-
odic $m$ $X$ (I)
projection $P^{m}$ $\circ$ $P^{m}$ $A$ projection
$aarrow aP^{m}$
$\mathrm{C}\mathrm{o}\mathrm{m}_{\mathrm{P}^{\mathrm{l}\mathrm{e}\mathrm{t}}}\mathrm{e}\mathrm{l}\mathrm{y}$ isometric
$1\leq j\leq m$ $P^{m}\sigma^{j}(P^{m})=0$ $\square$
Proposition 18. $\mathcal{G}$ (I) $\mathit{0}_{x}$ $D$
Cuntz-Krieger – Cuntz-Krieger
$D$ imeducible $\mathit{0}_{x}$ simple
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$\Sigma$ $C$ hereditary $i\in C$
$(i,j)\in E$ $j\in C$ saturated $i\in\Sigma$
$(i,j)\in E$ $j\in C$ $i\in C$ $A$ $J_{X}=J$
X-invariant $\Sigma$ saturated hereditary subset $C$
$X/X_{J}$ $\mathcal{G}$ $C$ $C$ range
Definition 19 (C). $\mathcal{G}$ (II) $\Sigma=\Sigma_{0}$
Lemma 20. $\mathcal{G}$ $X$
Proof. $\mathcal{G}$ saturated hereditary subset range
(I)
Proposition 21 (C). $\mathcal{G}$ $\mathcal{G}$
Cuntz-Krieger $\Sigma$ saturated hereditary subset
Remark 3.1. $\Sigma$
3.2 Real bimodule
$A$ C* (X, $\phi$) right Hilbert A-A bimodule right
Hilbert A-A bimodule $(\mathrm{Y}, \psi)$ $X$ conjugate $R\in_{A}\mathcal{K}_{A}(A_{A},$ $(\mathrm{Y}\otimes_{A}$
$X)_{A})$ $\overline{R}\in A\mathcal{K}A(A_{A}, (X\otimes_{A}\mathrm{Y})_{A})$
$(^{\neg}R\otimes I_{X})\mathrm{o}(I_{\mathrm{x}}\otimes R)=I_{\mathrm{x}}$
$(R^{*}\otimes I_{Y})\mathrm{o}(I_{\mathrm{Y}}\otimes\overline{R})=I_{\mathrm{Y}}$
$\mathrm{o}X$ dimension $d(X)$ conjugate
$\inf||R||||\overline{R}||$ $([\mathrm{L}\mathrm{R}])$
right Hilbert A-A bimodule $(X, \phi)$ real $\mathrm{Y}=\overline{X},$ $\overline{R}=R$
conjugate $X$
$(R^{*}\otimes I_{x)}\circ(I_{X}\otimes R)=I_{x}$
$R\in A\mathcal{K}A(A_{A}, (X\otimes_{A}x)_{A})$ $R\sigma(R)=$
$I_{X}$
Inclusion $A\subset B$ $X=B_{A}$ real bimodule
real bimodule (II)
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Theorem 22. $(X, \phi)$ - $A$ Hilbert A-A bimodule
$||(R^{*}R)^{-1}||<1$ $R$ real bimodule
(X, $\phi$) -free
$Jarrow\phi^{-1}(J\cap\phi(A))$ $Ox$ $A$ $X- inva7^{\cdot}iant$
1 1 $O_{X}$ $A$ $X$ -simple
$A$ non-nuclear $\mathit{0}_{x}$ non-nuclear
Proof. $A$ $X$-invariant $J$ $J_{X}=J$ $X$
$.(\mathrm{I}\mathrm{I})$
$R\in A\mathcal{K}A(A_{A}, (X\otimes_{A}x)_{A})$ $S=R(R^{*}R)^{-1/2}$ $R^{*}R\in A\mathcal{K}A(AA)\simeq$
$Z(A)$ $R$ $R(1)\in X\otimes X=X^{\otimes 2}$ – $R$ $Ox$
– $S\in X^{\otimes 2}$ $\phi(a)S=Sa$
$a\in A$ $(S|S)_{A}=S^{*}S=I$ $\mathit{0}_{x}$
$S$ $\mathit{0}_{x}$ isometry $J$ X-
invariant $a\in J$ $x,$ $y\in X$ $(x|\phi(a)y)_{A}\in J$
$J$ $X$-invariant $(S|\phi(a)S)_{A}\in J$ $\text{ }$











$S^{*}S=I$ $\sigma$ $A’\cap O_{X}$
$r_{k}=2k$ $0\leq j\leq k$ $S_{k}^{*}\sigma^{j}(sk)\in \mathcal{F}_{t\mathrm{f}}k,k$
$S_{k}^{*}S_{k}=I$ (2) (3)













$J$ $A$ $\mathrm{X}$-invariant $J_{X}=J$ $\pi$ $X$
$X/X_{J}$ $\pi_{k}$ $X^{\otimes k}arrow(X/X_{J})^{\otimes k}$
$\text{ }\pi_{2k}(S_{k})\in(X/X_{J})^{\otimes k}2$ $\tilde{\phi}(A/J)’\cap^{0}ox/xJ$ isometry (I)-free
(1), $(\dot{2}),(3)$ $(\mathrm{I}\mathrm{I}.)$ -free
Lemma 5 $E_{A}^{O_{X}}$ : $\mathit{0}_{x}arrow A$ $A$ non-
nuclear $\mathit{0}_{x}$ non-nuclear $\square$
$d(X)^{-1}\leq||(R^{*}R)^{-1}||$ $A$
$d(X)>1$ $||(R^{*}R)^{-1}||$ Real bimodule
Theorem 23. $A\subset B$ - $E$ : $Barrow A$ finite
index $X=B_{A}$ $(x|y)_{A}=E(x^{*}y),$ $\emptyset(a)X=ax$ (X, $\phi$)
$\mathrm{I}\mathrm{n}\mathrm{d}[X]\neq I$ $A$ $X$ -simple $\mathit{0}_{x}$
Proof. $\mathrm{I}\mathrm{n}\mathrm{d}[X]\neq I$ Jones projection $e_{A}$ $e_{A}\neq I$
$e_{A}(X_{0})\neq x_{0}$ $x_{0}$ $e_{A} \in\phi(A)’\bigcap_{A}\mathcal{K}_{A()}X_{A}$
$q_{k}=e_{A}\otimes\cdots\otimes e_{A}\otimes(1-e_{A})\in A\mathcal{K}A(x_{A}\otimes k+1)$
$q_{k}\in\phi(A)’\cap^{0}Ox$ $1\leq m\leq k$ $q_{k}\sigma^{m}(qk)=0$
$(q_{k}(1\otimes\cdots 1\otimes x_{0})|(1\otimes\cdots 1\otimes(x_{0}-e_{A}(x_{0})))A=(x_{0}-e_{A}(x_{0})|x_{0^{-}}e_{A}(x_{0}))_{A}\neq 0$
$q_{k}\neq 0$ $q_{k}$ projection $||q_{k}||=1$
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(2) $\phi(a)$ $q_{k}$ $aarrow\phi(a)q_{k}$ $*-$
$\{0\}$ $aarrow ae_{A}$
$J=\{a\in A|ab=aE(b) \forall b\in B\}$








Theorem 24. $A$ - $(X, \phi)$ right Hilbert A-A
bimodule $X$ $(I)- fiee$ $\mathit{0}_{x}$
Proof. $\mathcal{K}_{A}(X\otimes r)$ $A$ full corner
$\mathcal{F}_{\infty}^{(0)}$
$T\in O_{X}$ $0$ $E_{X}(T)$ $\mathcal{F}_{\infty}^{(0)}$ $0$
$W\in \mathcal{F}_{\infty}^{(0)}$ $W^{*}E_{X}(T)W=I$ $S=W^{*}TW$ $E_{X}(s)=I$
$S$ $0<\epsilon<1/5$ $B\in 0O_{X}$
$||S-B||<\epsilon$ $B_{0}=E_{X}(B)\in 0\mathit{0}_{x\cap \mathcal{F}^{(}}\infty 0)$
$||I-B_{0}||=||E_{X}(s-B)||<\epsilon$ $C=B-B_{0}+I\in 0\mathit{0}_{x}$ $||C-B||<\epsilon$
$||S-C||<2\epsilon$ $C$ $c= \sum_{j-kj}^{k}=c$










$V^{*}\tau_{k}^{\epsilon*}sT_{k}\mathcal{E}V$ $z*,$ $Z$ $I$
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